A novel saturated proportional-derivative control incorporated with null-space-based optimal control reallocation is proposed for spacecraft attitude stabilization in the presence of disturbance and input saturation. More specifically, a saturated proportional-derivative based baseline nonlinear controller is firstly developed to guarantee the globally asymptotic stability under input constraints and external disturbance. This is achieved with inexpensive online computations by dynamically adjusting a single parameter to ensure the desired performance. Then, a novel null-space-based optimal control reallocation method is employed to map the specified virtual control command to the redundant actuators. The optimal control solution is obtained by penalizing the control allocation errors at a lower power/energy cost using quadratic programming algorithm. The benefits of the proposed control method are analytically authenticated and also validated via simulation study.
INTRODUCTION
Accurate and reliable attitude stabilization control is one of the most important problems and widely studied application in spacecraft attitude control system design nowadays [1] [2] [3] [4] [5] . While for onorbit spacecraft, dynamics is strong nonlinear in nature and also affected by various disturbances including gravitational torque, aerodynamic torque, radiation torque, and other environmental and nonenvironmental torques, which influences the mission objectives significantly. Moreover, there exist some diverse discrepancies between commanded control signals and actual executed control efforts through the different actuation schemes, due to input nonlinearity and control allocation (CA) constraint. All these in a realistic environment cause considerable difficulties and challenges in the design of an available spacecraft control scheme for meeting high precision pointing requirement and desired control performance during the missions.
Recently, many studies related to attitude control law design have been reported in literatures based on several inspiring approaches, such as optimal control [6] , nonlinear feedback control [7] , adaptive control [8] , and robust control or their integrations [9] [10] [11] . Generally speaking, most or part of previous works can deal with attitude control missions under external disturbances and uncertainties in a certain degree, but very few have explicitly dealt with these issues concurrently. In view of its simplicity and good performance for practical applications, PID or PID-like controllers have been extensively studied as well [12] [13] [14] . As it is well known, in the case of these control algorithms, the actuators are required to produce large and fast enough joint torques in these con-706 B. LI, Q. HU AND J. QI trol methods, whereas this will hardly be achieved because of limited magnitude and slew rate constraints in practical actuators. This can lead to substantial performance deterioration and even instability of the system. Hence, global stabilization algorithms that take control input saturation explicitly into account are of interest in practice. Such control algorithms are of particular interest in spacecraft control, where the control objectives are to be achieved with limited control authority. In Reference [15] , Boskovic et al. proposed two globally stable control algorithms for robust stabilization of spacecraft in which the input saturation is explicitly considered. Reference [16] designed a nonlinear bounded control using a back-stepping method and an inverse tangent-based tracking function. Su et al. [17] presented a simple saturated proportional-derivative (SPD) control by introducing the standard hyper tangent function, and the globally asymptotic stabilization of a rigid spacecraft can be guaranteed. In addition, Hu [18, 19] , Tsiotras [20] , Bang [21] , and the reference therein have developed some inspired and creative controller to effectively handle the actuator output saturation issue.
Another important problem encountered in practice is that of CA for spacecraft with redundant actuators. That is to say, CA means computing the actual torques such that the demanded torques and also possible forces are produced by the baseline controller, and then distributing the total control demand among the individual actuators. CA techniques have been extensively investigated since the last decades, such as daisy chaining [22] , linear or nonlinear programming-based optimization algorithms [23, 24] , direct allocation [25] , and dynamic CA [10, 24, [26] [27] [28] . However, most or partial previous works study linear CA by mathematical programming algorithms, which can be iteratively conducted to minimize the error between the commands produced by virtual control law and the moments produced by practical actuator combinations. Recently, a robust least-squares-based CA scheme applied to flight/spacecraft control system with an uncertain control effectiveness matrix is investigated in References [29, 30] . In order to make full use of the existing redundancy due to the over-actuated actuators, the actuator constraints and some specified optimization performances should be considered explicitly during the design of an actuate algorithm to map the desired control command. Of interest is how such a power minimizing torque-distribution strategy will result in reduced maneuver energy requirements [4, 31] . In References [4, 32] , the null-space-based CA scheme has been used to yield a power-optimal torque solution for reaction wheels (RWs) at the instant, which does not consider CA error, only the traditional minimum-torque optimization problem. In this paper, a novel control reallocation will be proposed to minimize the error of the CA, such that the control torques would be convergent to the desired command quickly with a smaller energy consumption using the null-space technique.
In this work, a simple SPD control integrated with a novel null-space-based optimal control reallocation is developed for spacecraft attitude stabilization, in the presence of the external disturbances and control input constraints. More specifically, the simple SPD control law will be used for achieving the desired rotation maneuvers under input saturation, and then, the null-space-based optimal control reallocation is used for distributing the total virtual control command into each individual actuator properly, in which the extended optimal quadratic programming algorithms is used by penalizing the CA errors at a lower power consumption. The key features/achievements of the designed control scheme are the following: (i) global asymptotical stability of the closed-loop system and (ii) simple design procedure and structure of the proposed baseline control and CA scheme with inexpensive online computations. The rest of this paper is organized as follows. Section 2 states spacecraft modeling and control problem formulation. An attitude control law design by combining an SPD baseline control and null-space-based optimal control reallocation scheme is presented in Section 3. Numerical simulation results are presented in Section 4 to demonstrate various features of the proposed control scheme. Finally, the paper is completed with some concluding comments.
SPACECRAFT MATHEMATICAL MODEL AND PROBLEM FORMULATION
In this section, the mathematical model of a rigid spacecraft is briefly presented. The nonlinear equations of the attitude motions, in terms of components along the body-fixed control axes, are given by the spacecraft kinematics and the attitude dynamics as follows. 
where m is the number of actuators considered. That is to say, the virtual control demand designed from the control law ought to be subject to the following constraint:
where u max is a common maximum magnitude of the control signals and relative to the actuator configuration matrix D and max .
Control objective
On the basis of the aforementioned statement and assumption, the control objective of this work can be stated as the following: design a control law for the plant represented by =(1) and (8) under the constraints represented by (9) or (10), such that, for all physically realizable initial conditions, the states of the closed-loop system can be stabilized asymptotically, which can be expressed as
ATTITUDE CONTROL LAW DESIGN
In view of exploiting available actuator redundancy, attitude control law design in this work will use the principle of baseline/virtual controller and CA framework with the following two steps [34] : (i) design a control law specifying which total control effort to be produced (net torques, etc.), known as virtual control law or baseline control law and (ii) design a CA scheme (or control allocator) that maps the total control demand onto individual actuator settings (such as RWs cluster, etc.), as shown in Figure 1 .
Saturated proportional derivative-based virtual/baseline control law design
From a practical point of view, the design of efficient and low-cost attitude controllers is an important issue which is of great interest for aerospace industry for instance. In this section, on the one hand, because of either cost limitations (implementation constraints), a nonlinear control law with control input constraint is considered for the attitude stabilization problem of the rigid spacecraft described by (1) and (8); on the other hand, this nonlinear control law is simple and user friendly in that it does not involve a time-consuming design procedure and demands little redesigning or reprogramming during orbiting operation. With these in mind, a PID-like controller for attitude stabilization with control input saturation is discussed in the following. Following Reference [5] , the control solution to the underlying spacecraft attitude stabilization problem is summarized: Figure 1 . Block diagram for spacecraft attitude control with baseline/virtual control law and control allocation modules.
Theorem 1
Given the spacecraft attitude stabilization control system modeled by (1) and (8), there exists controller gains k 1 > 0, k 2 > 0, > 0 and ı > 0 to ensure the that system is globally asymptotically stable under the following SPD control law and time-vary adjusting parameter k:
Proof
The proof of Theorem 1 consists of the following two parts:
3.1.1. Globally asymptotically stable of the spacecraft system. Consider the following Lyapunov function candidate:
Differentiation of V with respect to time and substitution of the attitude dynamics from (8) and the control law (11) and (12) yield
It is next noted that the following equation holds:
Hence,
where
From the control law (11), one can obtain that ju i j 6 k 2 C k 1 , and here, k 2 is one of the dominant terms for the amplitude of the control torques. For the stabilization of the spacecraft attitude and rejection of the external disturbances, one proper value of k 2 should be chosen to satisfy the constraint k 2 > N d , and then this yields
It follows that q, ! and k are bounded. Integrating both sides of the aforementioned equation with respect to time from zero to infinite, one obtains 710 B. LI, Q. HU AND J. QI
Because the term on the left-hand side of (16) is bounded, it follows that ! 2 L 1 ; also, because u and ! are bounded, it follows that P q and P ! are also bounded. Therefore one can achieve that lim [35] and LaSalle's invariance principle [36] , that is to say the globally asymptotically stable is achieved.
In addition, for any given finite > 0, the integral R 1 0 j!. /jd is bounded by some positive function c. /, that is, R 1 0 j!. /jd < c. /.
Behavior of the adjustment k.t/.
From the previous analysis, it is noted that the asymptotic stabilization of the attitudes lim (16); whereas a potential problem is that k.t/ might go to zero before !.t / converges to zero, which can cause chattering and/or singularity of the control input. To this, the following will show that k.t/ will stay above some positive value N k for all time. In view of (12), because of k 2 j! i jkı j! i jCk 2 ı 6 k 2 kı, then the following inequality holds
Then, integrating the aforementioned inequality with respect to time, one can obtain
where k.0/ D k 0 > 0 is defined. This established a positive lower bound on k.t/ > 0 for all time.
In other words, the value of k.t/ cannot cross zero or tend to zero in finite time but only at infinity. More specifically, it is noted that
Then, integrating (20) with respect to time from zero to infinity yields
If > 0 exists such as
then N k 6 k.1/ is achieved. Because k.t/ is a nonincreasing function of time, this implies that k.t/ > N k is established for all time t 2 OE0; 1/.
Remark 1
Inequality (22) imposes a condition that needs to be satisfied in order to ensure that k.t/ > N k for all time. However, it is seen from (22) that this condition depends on c 1 . /, that is, there is an implicit condition that needs to be guaranteed. Finding an explicit condition for is the main technical difficulty associated with the proposed approach. However, in simulation studies, when is chosen to be small, that is, 1, convergence of k to some nonzero value is always guaranteed.
Remark 2
In view of the aforementioned analysis, the states q, !, and the adaptive parameter k.t/ are bounded all the time under the bounded controller gains k 1 > 0, k 2 > 0 and ı > 0
Then, the control input saturation avoidance can be guaranteed by selecting a proper value of k 1 and k 2 , which is determined by the physical limitations on the spacecraft and each available actuator.
A novel null-space-based optimal control reallocation scheme
From aforementioned analysis, even if the attitude control mission can be achieved by virtual control law in (11) and (12), other practical issues, such as energy saving (minimizing energy/power consumption), practical control capability constraints due to actuator amplitude and rate saturation limits, or some optimal performance indexes, should be taken into account simultaneously for practical spacecraft control system design. CA technique is then useful for control of over-actuated spacecraft systems, which deals with suitably distributing the desired total control command among the individual over-actuated actuators. By using CA, the actuator selection task is separated from the regulation task in the control design. In this sense, two steps are split for the controller design using the principle of CA: (i) design of a control law in (11) as a virtual control u, which specifies the velocity constraints and (ii) design of a control allocator that maps the virtual control demand onto individual actuator settings (such as RW torques). In general, the CA problem is formulated as an optimization problem systematically handling: redundant sets of actuators, actuator constraints and power consumption minimization, wearing/tearing, and other undesirable effects of actuators. Because it is a practical and powerful approach for solving control problems for systems with over-actuated actuators, a novel null-spacebased optimal control reallocation scheme is investigated in the sequel to achieve some optimal performance indexes.
From the principle of CA, an equivalent representation of (8) can be written as
In view of (23), it can be clearly seen that the developed control law in (11) can be utilized as the virtual control to guarantee the attitude stabilization and external disturbances rejection, such as the aforementioned analyses. In what follows, we shall develop a novel control allocator for actuators to distribute the virtual control requirements to individual actuator settings in one better possible manner.
Pseudo-inverse control allocation.
For redundant RWs setups, the typical and frequently used RW motor torque distribution strategy is to seek the minimum norm solution , which leads to the smallest absolute motor torques. Then, the pseudo-inverse algorithm can be transformed to the unconstrained minimum l 2 norm CA problem [34] , that is,
Given the aforementioned issue defined in (24), as it is well known, if matrix D is full rank, then the actuators can produce the exact required control torque u; if not, then u can only be partially produced. Further, for the specified RWs cluster control issue, D is a constant full-rank matrix. So it has an explicit solution shown as follows
is the pseudo-inverse of the matrix D. This solution is convenient when the RW motor toque magnitude limits are out of concern. 712 B. LI, Q. HU AND J. QI If more than three RWs are employed, then the D matrix may contain a nonempty null-space, resulting in an infinity of combinations that produce the required control torque u. In view of this, a novel null-space-based optimal control reallocation scheme shall be considered for the optimal salutation further in the sequel.
3.2.2.
Null-space-based optimal control reallocation. Although the RWs control law solution shown in (25) via pseudo-inverse method attempts to minimize the actuator output torque, it may not be the optimal solution for spacecraft with power or energy consumption limitations. To solve this problem, a novel null-space-based optimal control reallocation method is investigated to map the demand control signal u to the individual actuator output torque properly.
Let R be the rank of the control configuration matrix D 2 R 3 m , while M D m R is the degree of redundancy in RWs cluster. Because the RWs control law solution shown in (25) is only one infinity of solutions (which is defined as here), the general actuator torque can be expressed as follows [4] 
satisfying
where OEN D n 1 n 2 : : : n m T 2 R m M is the null-space matrix of D, which does not affect the attitude motions of spacecraft, and note that n i 2 R m 1 are nonzero column vectors. The vector l 2 R M 1 contains the M null-space scaling parameters through l D l 1 l 2 : : : l M T . Then, and denote the actual and demand actuator torque obtained by pseudo-inverse CA, respectively. To this end, the control reallocation goal is to find the null-space scaling parameters l i ; i D 1; 2; : : : ; M so that some optimal performance indexes are achieved for the specified actuator configurations. In view of the aforementioned problem and constraints, if the control demand signal produced via (25) is unattainable (i.e., the demand control is not possible to attain in one sampling interval) because of position or rate constraints of actuators, the optimal formulation in (24) is not an ideal one. Inspired by the null-space technique in Reference [4] and CA problem presented in References [10, 11] , a novel null-space-based optimal control reallocation method is investigated in this work. Then, a new performance measure is selected by adding a weighting penalizing term related to CA error . /, the difference between the demand actuator output and that attained. More specially, the proposed CA algorithm can be formulated as an optimal quadratic programming problem as follows:
where W 1 and W 2 denote diagonal positive-defined weighting matrices. Then, using (26) , the costing function (28) can be rewritten as
A necessary condition for the minimum of the index function defined in the previous text with respect to the null-space parameter l is
and yields to 
Because @J =@l D 0 is the only necessary condition for the optimal solution of optimal quadratic programming problem in (28), @J 2 =@l 2 > 0 must be a positive definite matrix in order to guarantee an optimal solution. Differentiating (30) with respect to l yields to
which is a positive defined matrix obviously. Hence, the optimal solution of the control reallocation problem can be given by
Remark 3
Equation (28) is a cost function to be minimized subject to the some constraints. From this cost function, the total power consumption is represented by two parts. For the first term, it can be seen that the larger weighting matrix W 1 is chosen, the smaller energy consumption will be achieved; for the second term, it is used to minimize the error of the CA, such that the control torques would be convergent to the desired command quickly when a large weighting matrix W 2 is selected. In fact, it is worth noting that the terms defined in (28) do not contradict each other because the weighting matrixes W 1 and W 2 are used for representing their relevant importance, priority, or weight in this overall optimal objective function during the optimization procedure.
Remark 4
Although the previous work reported in Dr. H. Schaub's paper in 2009 from Reference [4] made pioneering contribution to the field of null-space-based CA, it does not consider CA error (the difference between the demand actuator output and that attained) defined in (28) , only the traditional minimum-torque optimization problem. In comparison with Reference [4] , in our work, a new performance measure is selected by adding a weighting penalizing term related to CA error . /, and a different energy measurement manner is considered. As it is shown in Remark 3, the most improvement/innovation over the pioneering related works is that the novel control reallocation minimizes the error of the CA, such that the control torques would be convergent to the desired command quickly with a smaller energy consumption using the null-space technique by selecting the proper weighting parameters.
SIMULATION RESULTS AND COMPARISON
To verify the effectiveness and performance of the proposed control scheme, numerical simulations on a rigid spacecraft with four RWs under various conditions are conducted. The configuration with four RWs is shown in Figure 2 , in which the rotation axes of three RWs (such as RWs 1, 2, and 3) are orthogonal to the spacecraft's orthogonal shaft, and the fourth one is installed with the equiangular direction with the orthogonal-to-each other three axes. As it is shown in Figure 2 ,˛4 denotes the angle between the angular momentum vector of the fourth RW and its projection vector in XOY 
plane, whereasˇ4 denotes the angle between the projection vector and OX axis. Then, for this considered configuration, the configuration matrix D in (23) 
For all numerical simulations presented in this section, the parameters are provided in Table I , and the external disturbances are assumed to be as follows: For the purpose of comparison, the widely used proportional-derivative (PD) controller [37] and also the pseudo-inverse (PI) CA [34] are applied to the problem considered. More specifically, the following different three control schemes are involved for the simulations: 
Time response comparisons under different control laws
To demonstrate the performance of the control schemes, the PDCPI scheme is adopted for the considered problem. The proportional gain and the derivative gain of the PD controller for attitude control are 19.2 and 26, respectively, as given in Table I Under the same CA scheme PI, the proposed baseline control SPD is involved for comparison. Figures 3-5 (dash-dot line) show the corresponding time responses. It is clear from the plots of Figures 3-5 (dash-dot line) that the imposed desired attitude and angular velocity are accurately achieved by employing the SPD law, and also, it can be observed that the relatively large amplitude oscillations can be suppressed significantly.
For further comparison, the system is controlled by using the proposed SPDCNSOCA. The same simulation case is repeated with the previous one, where the NSOCA replaces the traditional PI for a fair complexion, and the results of simulation are shown in Figures 3-5 (dotted line) . It can be clearly seen that the control objective is achieved despite the presence of external disturbances and input saturation constraint with a settling time less than 40 s and a high accuracy of 10 4 in steadystate error. It is also seen in Figure 6 that k.t/ decreases during the transient but then converges to a constant value. This further shows the effectiveness of the proposed control scheme. In addition, for clearness of the comparison, the spacecraft attitude responses using Euler angles ' Â T (', Â and are, respectively, the roll, pitch, and yaw angle of the spacecraft), are shown as Figure 7 . It is clearly that results of SPDC NSOCA has the best performance with shortest time for achieving the rotation maneuvers among of them, which further illustrates the effectiveness and feasibility of the proposed method. Moreover, the time responses of the phase space diagram with Euler angle and angular velocity are shown in Figures 8-10 for three different cases, in which we can obtain that the proposed scheme SPDC NSOCA achieves one smoother and shorter trajectory, in other word, that is one optimal trajectory in these three cases.
Energy consumption analysis and comparison
Fuel or electrical energy saving for spacecraft on orbit is crucial importance to prolong the working life and achieve the target missions, and therefore, the energy consumption optimal performance should also be considered. Given that the RWs are utilized as the actuator of the rigid spacecraft, the index of instantaneous power consumption of the individual wheel is defined as
where Z i denotes the spin rate (rotation speed) of the i th RW. Space of instantaneous energy consumption for RWs with torques and rotation speeds are presented in Figures 11-14 . From these plots, one can obtain that smaller instantaneous energy and rotation speed are expended under the proposed scheme SPDC NSOCA (dotted line); in other words, that is one optimal trajectory in these three cases. Figure 15 Actual starting point Figure 13 . Space of instantaneous energy consumption for RW 3 with torque and rotation speed. In addition, to analyze the system total energy consumption, the energy index function which is derived from optimal control reallocation problem in the previous text is defined as
where T denotes the simulation time and T D 150 s is chosen in the simulation. Figure 17 shows the bar graphic visualizations of the energy consumption performance among the three control cases. From Figure 17 , it can be seen clearly that the energy consumption using SPDC NSOCA developed in this paper is minimum, and obvious improvement over SPDCPI/PDCPI has been achieved in the four setting intervals because of the energy optimization constraint in CA, especially within first 60 s of the simulation for maneuvering. This further illustrates the theoretical results developed in Section 3. Specifically, the selection of the weighting matrices W 1 and W 2 defined in (28) has an influence to the total energy consumption of the system mentioned in Remark 3. Bar graphic visualizations of the energy consume performance comparisons of different W 2 is presented in Figure 18 , and it is clear that the energy index is higher with a larger W 2 with respect to W 1 . However, the energy consumption under SPDC NSOCA with different weighting matrixes is always lesser than the SPDCPI, which is obtained via lots of simulation experiments.
Summarizing all the control schemes and test scenarios presented previously, the proposed control method SPDC NSOCA can significantly improve the normal performance than SPDCPI or PDCPI method in both theory and simulations. In addition, extensive simulations were also carried out using different control parameters, disturbance inputs, and even combination of the RWs. These defined in (28) .
results show that in the closed-loop system, attitude stabilization control and energy saving are achieved and accomplished in spite of these undesired effects in the system. Moreover, the flexibility in the choice of control parameters can be utilized to obtain desirable performance. These control approaches provides the theoretical basis for the practical application of the advanced control theory to spacecraft attitude control system.
CONCLUSION
This paper presents a novel SPD attitude control law incorporated with null-space-based optimal control reallocation scheme for spacecraft under external disturbances and input saturation. By dynamically adjusting a single parameter, the SPD-based virtual controller is designed to guarantee that both attitude and angular velocity errors will tend to zero asymptotically. Then, an inspired null-space-based optimal control reallocation method is employed to distribute this control demand synthesized by the baseline controller into the individual actuator. This optimal control solution is to be found by penalizing the CA errors using quadratic programming algorithms. Simulation results for the orbiting rigid spacecraft demonstrate advantages and improvements with respect to the time responses and energy consumption saving over existing methods, which illustrates and validates the effectiveness and feasibility of the proposed scheme. However, it should be pointed out that actuators uncertainties/faults such as loss of effectiveness or stuck are not considered directly in this paper, which is one of the subjects for our future research.
